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Shear ﬂow past an elastic rod or a doubly periodic array of elastic rods attached to a plane is investigated
with reference to ﬂow over a ciliated surface or a carbon nanomat. In the absence of ﬂow, the rods are
straight cylinders with circular cross-sectional shape. The mathematical framework combines slender-
body theory for computing the hydrodynamic load with classical beam theory for computing the rod
deﬂection. Small deﬂections are computed using a ﬁnite-element method and large deﬂections are com-
puted using an iterative procedure where a rod shape is assumed, the hydrodynamic load is found, and a
new shape is obtained by solving a boundary-value problem involving ordinary differential equations at
equilibrium. Deﬂected rod proﬁles are presented and the macroscopic slip velocity is computed in the
case of ﬂow past a doubly periodic square or triangular array of rods over a broad range of surface
coverage.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
A ﬂexible rod attached to a surface bends under the inﬂuence of
a hydrodynamic load imparted to it by an overpassing shear ﬂow.
The rod may be isolated or belong to an ordered or random, dilute
or dense collection of rods forming a ciliated surface. For example,
dense populations of carbon nanotubes with typical radius 20–
30 nm forming nanocarpets, nanomats, and nanoarrays can be eas-
ily produced in the laboratory using chemical vapor deposition and
other techniques. Ni et al. (2008) measured the ﬂow-induced
deﬂection of nanotubes with approximate length d = 40 lm and
separation L ’ 200 nm in a nanoforest and used classical beam
theory to deduce the ﬂexural rigidity of the rolled atomic lattice.
Additional interest in ﬂow over arrays of rods and patterned sur-
faces has been motivated by the desire to reduce the hydrodynamic
surface drag coefﬁcient and the effective contact angle at a three-
phase contact angle, and thus produce superhydrophobic
substrates (e.g., Joseph et al., 2006; Rothstein, 2010).
Recently, Pozrikidis (2010) used a highly accurate boundary-
integral method to study shear ﬂow over a cylindrical rod with cir-
cular cross section of arbitrary radius attached to an inﬁnite plane
wall. The axially symmetric shape of the undeformed rod allows us
to apply Fourier expansions with respect to the azimuthal angle
measured around the rod axis, and thereby accurately evaluate
the hydrodynamic load applied at the tip of the rod and along
the cylindrical surface. By integrating the hydrodynamic traction
over the circular rod contour in a horizontal plane, we obtain an
effective load density along the centerline. By integrating thell rights reserved.hydrodynamic traction over the exposed top surface of the rod,
we obtain a concentrated tip load accompanied by a bending mo-
ment. Once these loads are available, the small deﬂection of a rod
with arbitrary length to radius ratio can be computed by solving
the Euler–Bernoulli equation for an elastic beam subject to a tip
and distributed load.
To compute large deﬂections, Pozrikidis (2010) implemented an
iterative procedure where a rod shape is assumed, the hydrody-
namic traction is computed using a boundary-element method
for Stokes ﬂow and then projected to the centerline, a boundary-
value problem for the centerline shape is solved, and a new rod
shape is reconstructed by interpolation. The procedure is repeated
until convergence. Reconstructing the cylindrical rod shape from
the centerline proﬁle, and vice versa, is an important aspect of
the algorithm. Because of high computational cost, the boundary-
element computations are practically limited to rods with small
or moderate aspect ratio. A large number of boundary-elements
is required in the case of slender rods with aspect ratio on the order
of one thousand encountered in applications involving cilia and
nanotubes.
To overcome these difﬁculties, a slender-body theory is imple-
mented in this paper for computing Stokes ﬂow past an attached
slender rod with high aspect ratio. The hydrodynamic traction aris-
ing from the solution of an integral equation along the rod center-
line is transferred to the rod as a load, and a boundary-value
problem is formulated and solved for small and large deﬂections.
Analogous numerical methods for freely suspended ﬁbers were
implemented by several previous authors. Tornberg and Shelley
(2004) used slender-body theory for Stokes ﬂow to simulate the
interaction of freely suspended inextensible ﬁbers modeled as
Euler–Bernoulli beams generalized to three dimensions, satisfying
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tially complements their approach for attached rods where a
boundary-value problem arises. More recently, Lim et al. (2008)
and Lim (2010) presented an immersed-boundary method com-
bined with Kirchhoff’ theory for suspended elastic rods. In their
formulation, material directors normal to the rod cross-section
are assumed to freely rotate with the vorticity of the ambient ﬂow.
The slender-body theory employed in our studies is discussed in
Section 2, and a numerical method is outlined. Numerical results
are presented in Sections 3 and 4 for a solitary rod and a doubly
periodic array of rods in square or triangular conﬁguration. A gen-
eralization of the formulation to rods with arbitrary shape is dis-
cussed in the concluding Section 5.
2. Slender-body theory for Stokes ﬂow
We begin by considering Stokes ﬂow in an inﬁnite domain past
a slender body with cylindrical cross-section of radius a and arbi-
trary centerline shape. The motion of the ﬂuid around the body
is governed by the equations of Stokes ﬂow including the continu-
ity equation and the Stokes equation,
r  u ¼ 0; rp ¼ lr2u; ð1Þ
where p is the pressure, u is the velocity, and l is the ﬂuid viscosity
(e.g., Pozrikidis, 1997b). In slender-body theory, the ﬂow is repre-
sented by distributions of point forces and point-source dipoles
along the centerline, C
uiðxÞ ¼ u1i ðxÞ þ
1
8pl
Z
C
Sijðx;XðlÞÞbjðlÞdl
þ 1
4p
Z
C
Dijðx;XðlÞÞdjðlÞdl; ð2Þ
where u1 is a speciﬁed incident ﬂow prevailing far from the body, l
is the arc length along the centerline, X(l) is the position of a point
along the centerline, S is the Stokeslet or Oseen tensor representing
the ﬂow due to a point force, D is the potential dipole, b, d are cor-
responding distribution densities (e.g., Lighthill, 1976; Higdon,
1979). The speciﬁc expressions for the Stokeslet and potential di-
pole are
Sijðx;x0Þ ¼ dijr þ
x^ix^j
r3
; Dijðx;x0Þ ¼  dijr3 þ 3
x^ix^j
r5
; ð3Þ
where x^ ¼ x x0 and r ¼ jx^j. The tangential component of the di-
pole density is zero and the normal component is related to the cor-
responding point force density by
d ¼ 1
4
a2b  ðI t tÞ; ð4Þ
where t is the unit tangent vector along the centerline. It can be
shown that a point force and a corresponding dipole at the center-
line represents a uniform point-force surface distribution pointing
in the same direction.
Given the velocity along the surface of the body, the represen-
tation (2) can be used to derive an integral equation of the ﬁrst
kind for the point force strength density, b. The procedure involves
dividing the centerline into straight segments and assuming that b
takes the constant value b(k) over the kth segment. Enforcing the
integral equation at a surface point located at the midplane of each
segment and evaluating the singular integral by asymptotic meth-
ods provides us with a system of linear equations for the segment
values, b(k). The underlying integral equation is
uðl0Þ¼u1ðl0Þþ 14plðb  ttÞ0 2ln
2q
a
1
 
þ 1
8pl ½b  ðI ttÞ0 2ln
2q
a
þ1
 
þ 1
8pl
Z
jll0 j>q
Sðl0; lÞ bðlÞdlþ 14p
Z
jll0 j>q
Dðl0; lÞ dðlÞdl; ð5Þwhere q is a cut-off length allowed to depend on the evaluation
point determined by l0, and the subscript 0 indicates evaluation at
l0. The second term on the right-hand side of (5) disappears when
q ¼ a2
ﬃﬃﬃ
e
p ’ 0:82b. In the numerical implementation, the distance
2q is set equal to the length of an element hosting the evaluation
point corresponding to l0. The last integral on the right-hand side
of (5) can be neglected due to the fast decay of the dipole with re-
spect to distance from the evaluation point at l0.
In the case of ﬂow in a domain that is bounded by a solid sur-
face, we introduce the complement of the Stokeslet ensuring the
satisfaction of the no-slip and no-penetration conditions at the sur-
face, given by Sc ¼ G  S, where G is the Stokes ﬂow Green’s func-
tion for the domain of interest and the superscript c designates the
complement (e.g., Gueron and Liron, 1992). The Green’s function is
available in analytical form for a few boundary geometries, includ-
ing an inﬁnite plane wall. The complement of the dipole can be
computed in terms of the Laplacian of the complement of the point
force. The following term is then added to the right-hand side of
(5),
vðl0Þ  18pl
Z
C
Scðl0; lÞ  bðlÞdlþ 14p
Z
C
Dcðl0; lÞ  dðlÞdl: ð6Þ
Note that the integration is performed along the entire centerline.
The last integral on the right-hand side can be neglected due to
the fast decay of the complement of the dipole with distance from
the evaluation point at l0. Neglecting the dipoles, we obtain the
integral equation
uðl0Þ¼u1ðl0Þþ 14plðb  ttÞ0 2ln
2q
a
1
 
þ 1
8pl
½b  ðI ttÞ0 2ln
2q
a
þ1
 
þ 1
8pl
Z
jll0 j<q
ðGSÞðl0; lÞ bðlÞdlþ 18pl
Z
jll0 j>q
Gðl0; lÞ bðlÞdl:
ð7Þ
The integrand of the penultimate integral is nonsingular.
2.1. Numerical method
In Sections 3 and 4, numerical solutions of the integral equation
(7) will be presented for shear ﬂow over a solitary rod and a doubly
periodic array of rods attached to a plane wall. A periodic Green’s
function is employed in the case of spatially periodic ﬂow, as dis-
cussed in Section 4. In the numerical method, the rod centerline
is divided into N elements with element length, Dl. Applying Eq.
(7) at the midpoint of each element, setting 2q = Dl, and requiring
that u(l0) = 0 at steady state provides us with a system of linear
equations for the linear density, b. The integrals on the right-hand
side of (7) are computed over the union of the elements using the
six-point Gauss–Legendre quadrature. Care must be taken so that
the element size, Dl, is sufﬁciently longer than the rod radius, a,
otherwise the basic premise of the slender-body approximation
is violated and numerical instabilities arise. The best results with
the least numerical instability are obtained when elements with
equal lengths are employed. The solution of the slender-body
equation (7) provides us with the element point-force density
values, b(k), to be used for computing small or large deﬂection, as
discussed in Section 4.
3. Shear ﬂow past a solitary rod on a plane wall
In the ﬁrst part of this paper, we consider unidirectional simple
shear ﬂow along the y axis past a single rod attached to a plane
wall located at x = 0, as shown in Fig. 1(a). The velocity of the inci-
dent ﬂow is u1x ¼ 0; u1y ¼ nx, and u1z ¼ 0, where n is the shear rate.
In the absence of ﬂow, the rod is a straight cylinder of radius a and
length d attached perpendicular to the wall.
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To validate the slender-body approximation, we consider shear
ﬂow past the straight undeﬂected rod. Fig. 1(b) shows numerical
results obtained by a highly accurate boundary-element method
based on Fourier expansions for three rod aspect ratios, a/d =
0.001 (dotted line), 0.005, and 0.01 (Pozrikidis, 1997a). The predic-
tions of the slender-body theory with 32 elements are represented
by the circles. The excellent agreement over the entire length of the
rod except near the tip corroborates the fundamental premises of
the slender-body approximation.
3.2. Small deﬂection
The ﬂexible rod bends in the streamwise direction under the
inﬂuence of a load imparted to it by the shear ﬂow. If the deﬂection
is small, the centerline proﬁle can be described by a function
y = f(x), which is computed by solving the Euler–Bernoulli equation
EB
d4f
dx4
¼ wðxÞ; ð8Þ
where EB = EI is a bending modulus with dimensions of force multi-
plied by length squared, E is the elastic modulus of the rod with
units of stress, I ¼ 14pa4 is the second areal moment of inertia of
the cross-section, and w(x) is the linear density of a distributed
hydrodynamic load with units of force divided by length. In the dis-
crete representation, w(x) is a piecewise constant function taking
the constant value wk ¼ bðkÞy , over the kth centerline element.
The boundary conditions specify that
f ð0Þ ¼ 0; df
dx
¼ 0; EI d
3f
dx3
 !
x¼d
¼ Ftopy ; EI
d2f
dx2
 !
x¼d
¼ Ttopz ; ð9Þ
where Ftopy and T
top
z are the force and torque exerted on the discoidal
top surface of the rod. In the context of slender-body theory, Ftopy
and Ttopz are both zero due to the exceedingly small cross-section.
The Euler–Bernoulli equation was solved by a standard ﬁnite-ele-
ment method employing Hermitian elements (e.g., Pozrikidis,
2005).
Pozrikidis (2010) considered shear ﬂow over a circular rod with
arbitrary radius and deduced the deﬂection of the centerline by
solving the Euler–Bernoulli equation, as discussed in the Introduc-
tion. The hydrodynamic load was computed using the highly accu-
rate boundary-element method discussed in Section 3.1. Deformed
centerline proﬁles computed using this method are shown in Fig. 2x
z
y
d
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Fig. 1. (a) A slender rod is attached to a plane wall in simple shear ﬂow. (b) The circles re
for cylinder aspect ratio a/d = 0.001, 0.005, and 0.01. The lines represent the results of a
0.01.for a sequence of rod aspect ratios, a/d. All proﬁles have been
scaled by the maximum deﬂection of a cantilever subject to a con-
centrated end load, given by f0  Fyd3/(3EI), where Fy is the total
force exerted on the rod. The results show that the deﬂection is less
severe than that of a cantilever with a concentrated load (dashed
line), but more pronounced than that of a cantilever with a uniform
load (dot-dashed line). As the rod becomes increasingly slender,
the proﬁles uniformly converge to a limiting shape for a ﬁber,
exhibiting a transition from a concentrated-load shape toward a
uniform-load shape. The predictions of the slender-body theory
for rod aspect ratio a/d = 0.001 obtained with 32 elements, indi-
cated by the circles in Fig. 2, are in excellent agreement with the
boundary-integral solution.
3.3. Large deﬂection
Next, we consider the more general case where the rod under-
goes signiﬁcant deformation under the action of the simple shear
ﬂow. In the slender-body approximation, the backbone of the rod
develops a tangential inline force, T, a transverse shear force in
the zx plane, Q, and a bending moment about the y axis, M, as
shown in Fig. 3. The vectorial force exerted on a beam cross-section
is F = Tt + Qn, where t is the unit tangent vector pointing in the
direction of increasing arc length, l, and n is the unit normal
vector.
A differential force balance over an inﬁnitesimal section re-
quires the equilibrium condition
dF
dl
þ p ¼ d
dl
ðTtþ QnÞ þ p ¼ 0; ð10Þ
where p is a distributed load. Expanding the derivatives of the
products on the left-hand side and using the Frenet–Serret relations
dt/dl = jn and dn/dl = jt, we obtain the normal and tangential
force balances
jT þ dQ
dl
¼ p  n  pn; jQ þ
dT
dl
¼ p  t  pt ; ð11Þ
where j is the beam curvature of the in the xy plane. For the
conﬁguration depicted in Fig. 3, the curvature j is positive. Per-
forming a torque balance over an inﬁnitesimal cross-section, we
ﬁnd that Q = dM/dl. Next, we introduce a linear constitutive equa-
tion for the bending moments expressed by the relation M = EBj.
Rearranging the preceding equations, we derive a nonlinear coupled
system of ordinary differential equations,0 2 4 6 8
0
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x/
d
−by/(dμξ)
b
present numerical results for the dimensionless centerline force density, by/(dln),
highly-accurate boundary element method for a/d = 0.001 (dotted line), 0.005, and
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d
Fig. 2. Deformed rod proﬁles for aspect ratio a=d ¼ 0:001 ðleftmost solid
flineÞ; 0:002; 0:004; 0:005; 0:010; 0:0150:02; 0:03; 0:04; 0:06; 0:10; 0:15; 0:20; 0:30;
; . . . 1:0 (dotted line). The dashed line traces the cubic proﬁle of a deformed
cantilever subject to a concentrated end load that is equal to the total force exerted
on the rod. The dot-dashed line traces the cubic proﬁle of a deformed cantilever
subject to a distributed uniform load whose integral amounts to the total force
exerted on the rod. The predictions of the slender-body theory for a/d = 0.001 are
indicated by circles.
l
t
T
z
y
x
n
Q
M
Fig. 3. Schematic depiction of a straight rod deﬂected under the inﬂuence of an
incident simple shear ﬂow along the y axis.
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dl
¼ jQ  pt ;
dQ
dl
¼ jT  pn;
dj
dl
¼ Q
EB
: ð12Þ
At the exposed end of the rod, l = d, we specify T, Q, and the curva-
ture j according to M. The corresponding attachment-point values,
T(0), Q(0), and j(0), must be found as part of the solution.
To reconstruct the shape of the deformed rod in terms of the
curvature in the xy plane, j(l), we regard the x and y coordinates
of material point particles distributed along the centerline as func-
tions of arc length in the deformed conﬁguration, l, writing x = x1(l)
and y = x2(l). By deﬁnition then, x021 þ x022 ¼ 1, where a prime de-
notes a derivative with respect to l. Using elementary differential
geometry, we derive the relations
j ¼ x001x02 þ x01x002 ¼ 
x001
x02
¼ x
00
2
x01
: ð13Þ
Next, we introduce the derivative functions x3  x0 and x4  y0, and
obtain the following system of four nonlinear differential equations:
dx1
dl
¼ x3; dx2dl ¼ x4;
dx3
dl
¼ jx4; dx4dl ¼ jx3: ð14Þ
Given the distributed load, p(l), the deformed rod shape is gov-
erned by a system of seven ﬁrst-order ordinary differential equa-
tions for T, Q, j, x1, x2, x3, and x4, comprised of Eqs. (12) and (14).
Putting the origin of the Cartesian axes at the point of attachment
and ﬁxing the slope, we obtain four initial conditions,
x1ð0Þ ¼ 0; x2ð0Þ ¼ 0; x3ð0Þ ¼ 1; x4ð0Þ ¼ 0: ð15Þ
The solution of the boundary-value problem was found using the
internal matlab function bvp4c.
The deformed rod shape is found by iteration where an initial
shape is assumed, the hydrodynamic load is computed by solving
the slender-body equations, and the deformed rod shape is com-
puted by solving a boundary-value problem. The procedure is re-
peated until convergence. A different number of centerline
elements are used in the slender-body and beam formulation. The
coordinates of nodes distributed along the centerline are transferred
between the two grids by interpolation. Between two and ﬁfteen
iterations are necessary for the computations to convergewith a tol-
erance that is comparable to the numerical error. Parameter contin-uation is employed where the initial guess for a rod shape at a
particular shear rate is the converged shape at a lesser shear rate.
Deﬂected proﬁles of a rod with aspect ratio a/d = 0.005 are
shown with bold lines in Fig. 4(a) for several values of the dimen-
sionless bending stiffness, bEB  EB=ðlnd4Þ. The rod aspect ratio is
typical of carbon nanotubes grown on a substrate (Ni et al.,
2008). The slender-body integral equation was solved using 32 ele-
ments along the centerline. The arc length of all proﬁles shown in
this ﬁgure is equal to the height of the undeformed rod, d. The
shear ﬂow causes the rod to bend and then incline so as to become
parallel with the incident shear ﬂow. The thin dashed lines in
Fig. 4(a) represent the predictions of the small-deﬂection theory
discussion in Section 3.1. The agreement is excellent for small
deﬂections, good for moderate deﬂections, and fair for large deﬂec-
tions. Note that small-deﬂection theory predicts proﬁles that
extend up to the undeformed height of the rod, in violation of
the total arc length.
Fig. 4(b and c) shows the distribution of the inline force, T, and
transverse force, Q, both nondimensionalized by EB/d2, for the de-
ﬂected proﬁles shown in Fig. 4(b). The inline force is compressive
near the base of rod and tensile over the main body of the rod.
Fig. 4(d) shows the distribution of the curvature along the length
of the rod. Maximum curvature associated the highest bending
moment occurs at the base, and zero curvature corresponding to
vanishing bending moment occurs at the tip. The proﬁles shown
in Fig. 4(a) can be used to estimate the ﬂexural rigidity, EB, based
on photographs of the deformation of an attached rod.
Results for different aspect ratios, a/d, are similar to those
shown in Fig. 4. The drag force exerted on a straight rod with
length d translating with velocity Vy is F = blVd, where
b ¼ 4p
ln daþ 12
: ð16Þ
This expression illustrates that, in the limit of vanishing aspect ra-
tio, the stress exerted on the rod surface scales with 1= lnðd=aÞ. This
scaling can be used to extrapolate the results shown in Fig. 4 to rods
with arbitrary but small aspect ratio.
4. Shear ﬂow past a periodic array of rods
In the second part of this paper, we consider simple shear ﬂow
over a plane wall hosting a periodic array of slender rods attached
to the wall. The rods are arranged on a Bravais lattice in the yz
plane with base vectors a1 and a2, as shown in Fig. 5. We will con-
sider a square lattice with base vectors a1 = (L,0) and a2 = (0,L), and
an equilateral triangular lattice with base vectors a1 = (L,0) and
a2 ¼ 12 L;
ﬃﬃﬃ
3
p
L
 
. Physically, the array can be identiﬁed with an
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Fig. 4. (a) Deﬂected centerline proﬁles for rod aspect ratio a/d = 0.005 and dimensionless bending stiffness bEB  EB=ðlnd4Þ ¼ 10 (dashed line), 5, 2, 1, 0.75, 0.5, 0.4, 0.3, 0.2 and
0.1. (b and c) Distribution of the inline force, T, and transverse force, Q, nondimensionalized by EB/d2. (d) Distribution of the curvature along the centerline.
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Fig. 5. Illustration of a plane wall hosting a doubly-periodic array of slender rods.
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tional dimension of the rods is assumed to be much smaller than
the distance between two adjacent rods so that slender-body the-
ory can be employed. A shear ﬂow along the y axis is imposed far
from the wall. The far-ﬁeld velocity ﬁeld is u1x ¼ 0; u1y ¼ nxþ us,
and u1z ¼ 0, where n is the shear rate and us is a slip velocity to
be found as part of the solution.
4.1. Periodic Green’s function of Stokes ﬂow
An essential element of the slender-body formulation is the
doubly periodic Green’s function of Stokes ﬂow in a semi-inﬁnite
domain bounded by an inﬁnite plane wall. Physically, the Green’s
function represents the ﬂow induced by a doubly periodic array
of point forces arranged on a Bravais lattice with base vectors a1
and a2 parallel to the wall. One of the point forces is located atthe point x0 in the upper half space. The doubly periodic Green’s
function can be constructed by summing the Green’s functions
due to the individual point forces in semi-inﬁnite space. Conver-
gence can be expedited by Aitken extrapolation.
When the point forces are perpendicular to the wall, the induced
velocity decays far from the wall. When the point forces are parallel
to the wall, the induced velocity, expressed by the Green’s function,
Gikðx;x0Þ, tends to a constant velocity parallel to the wall,
Gijðx;x0Þ ! 8pﬃﬃﬃ
A
p aJij; ð17Þ
as x?1, where the index i designates the ith velocity component,
the index j determines the direction of the point forces, A = ja1  a2j
is the area of one periodic cell in the yz plane, a is a dimensionless
coefﬁcient, and J is the identity matrix except that the ﬁrst diagonal
element is set to zero. The corresponding pressure and stress ﬁelds
decay at an exponential rate with distance from the wall.
To evaluate the coefﬁcient a, we consider unidirectional simple
shear ﬂow parallel to the wall with velocity ussfx ¼ 0; ussfy ¼ nyx;
ussfz ¼ nzx, where ny and nz are constant shear rates. Applying the re-
ciprocal theorem of Stokes ﬂow for the ﬂow induced by the peri-
odic array expressed in terms of the corresponding periodic
Green’s function and the simple shear ﬂow, we obtain
@
@xk
ussfi ðxÞ
1
8p
T ijkðx;x0Þ  18plGijðx;x0Þr
ssf
ik ðxÞ
 
¼ ussfi ðxÞ
X
d3ðx xlÞ; ð18Þ
142 C. Pozrikidis / International Journal of Solids and Structures 48 (2011) 137–143where Gij is the Green’s function for the velocity, T ijk is the corre-
sponding Green’s function for the stress, j is a free index indicating
the direction of the point forces, d3 is the three-dimensional delta
function, and the sum is over all point forces. Next, we integrate
(18) over one period of the ﬂow conﬁned between the wall and a
periodic surface far above the wall, S1, and use the divergence the-
orem to convert the volume integral into a surface integral over the
boundary of one period of the ﬂow. Noting that the net contribution
from the periodic side surfaces is zero and recalling that ussf and G
are zero when x lies on the wall, we obtain
1
8pl
Z Z
S1
Gijðx;x0Þrssfik ðxÞnkðxÞdSðxÞ ¼ ussfi ðx0Þ; ð19Þ
where n is the unit normal vector pointing outward from the con-
trol volume. Substituting (17) and evaluating the stress ﬁeld of
the simple shear ﬂow, we ﬁnd that a ¼ x0
ﬃﬃﬃ
A
p
. Substituting this
expression in (17), we obtain
Gijðx;x0Þ ! 8pA x0Jij; ð20Þ
far from the wall. We have found that the streaming ﬂow induced
far from the wall increases linearly with distance of the point forces
from the wall.
4.2. Slip velocity
Assume that the shear ﬂow occurs along the y axis. Using (20),
we ﬁnd that, far from the wall, the ﬂow takes the asymptotic form
u ¼ nðx dÞey þ 1lA
Z
C
ðbyey þ bzezÞxðlÞdl: ð21Þ
The second term on the right-hand side contributes a slip velocity
deﬁned with respect to the position of the tip of the beam array.
4.3. Results and discussion
Consider shear ﬂow past a periodic array of straight rods.
Fig. 6(a) shows a graph of the slip velocity, us, plotted against the
logarithm of the scaled rod radius, a/L, for scaled rod height d/
L = 1.0. The circles correspond to the square lattice and the squares
correspond to the triangular lattice. The data on the left side of the
plot were obtained using the slender-body theory for scaled rod
height d/L = 1 (dashed lines) and d/L = 0.5 (dotted lines). The data
on the right side were obtained using a boundary-element method−3 −2.5 −2 −1.5 −1 −0.5 0
0
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Fig. 6. (a) Dependence of the slip velocity, us, on the scaled rod radius, a/L, for scaled rod
plot were obtained by a boundary-element method for shear ﬂow over a semi-inﬁnit
minimum distance between two rods for a/d = 0.001.for shear ﬂow over a semi-inﬁnite array of cylinders in the absence
of a bottom wall (Pozrikidis, 2010). The semi-inﬁnite model is rel-
evant to ﬂow over a plate with distributed rods when the cylinder
radius, a, is sufﬁciently large so that the velocity effectively decays
to zero before reaching the bottom. For L/d = 1, this occurs when
the aspect ratio a/d is larger than approximately 0.1. The maximum
possible value of the ratio a/L is 1/2, corresponding to touching
rods for the square and triangular lattice. The results based on slen-
der-body theory shown in Fig. 6 complement the boundary-ele-
ment results and provide guidance for interpolation. As the
scaled rod radius a/L tends to zero, the perturbation velocity due
to the rods becomes decreasingly weak and the slip velocity tends
to nd corresponding to shear ﬂow over a ﬂat plate in the absence of
rods.
A series of computations were performed to examine the effect
of the rod separation for ﬁxed rod dimensions d and a. Fig. 6(b)
shows a graph of the slip velocity, us, for rod aspect ratio a/
d = 0.001, which is typical of nanotubes coated on a support. The
minimum value of L/d is 2a/d = 0.002, corresponding to touching
nanorods. At this maximum packing, the slip velocity is nearly
zero. In the limit L/d?1, the scaled slip velocity us/nd tends to
unity. The data presented in Fig. 6(b) show that the slip velocity
decreases monotonically as the rods become densely packed.
Although reliable results for L/d < 0.5 could not be obtained due
to the slow convergence of the periodic Green’s function, a sensible
estimate for the slip velocity when L/d = 0.10, corresponding to car-
bon tube nanomats, can be extracted. We found that the presence
of neighboring rods has a small effect on the deﬂected rod shape
for the most dense conﬁguration considered, L/d = 0.5, and the re-
sults for a solitary rod provide us with a reliable estimate.5. Discussion
The slender-body theory employed in this work provides us
with an efﬁcient method of computing ﬂow past slender elastic
rods, circumventing a great deal of computational work required
in the boundary-element formulation. The assumptions underlying
the basic premises of the slender-body theory are consistent with
those underlying the beam formulation for small or large deﬂec-
tion. Coupling the two approaches requires elementary numerical
methods concerning load transfer and shape interpolation. In this
paper, we have presented data for the rod deﬂection that can be
used as a reference for deducing the bending stiffness of nanorods.0 0.2 0.4 0.6 0.8 1
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height d/L = 1.0 (dashed lines) or 0.5 (dotted lines). The data on the right side of the
e array of cylinders (Pozrikidis, 2010). (b) Dependence of the slip velocity on the
C. Pozrikidis / International Journal of Solids and Structures 48 (2011) 137–143 143Data on the slip velocity is useful in models of ﬂuid ﬂow in minia-
turized devices.
We have computed small and large deﬂections of a rod with a
straight undeformed shape under the assumption that the rod
shape lies in the plane after deformation. Elementary Euler–Ber-
noulli beam theory was employed to derive a system of differential
equations describing the deﬂected rod shape. The mathematical
formulation becomes considerably more involved when the unde-
ﬂected rod shape is not straight or the deﬂected rod shape does not
lie in a plane. A generalized formulation coupling slender-body
theory with Kirchhoff’s theory of rods is necessary in the context
of free-shape problems where the load is speciﬁed and the rod
shape must be found by iteration (e.g., Coleman et al., 1993). These
important extensions will be considered in future work.
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